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I. Introduction

M ANY compact and noncompact optimized schemes were re-
cently reviewed by Zingg.1 Most optimized schemes, how-

ever, are restricted to central difference algorithms. This restriction
inevitablyleads to stabilityproblems that must be dealtwith through
the use of � lters or explicit dissipation terms. Although deliberate
� lters or dissipation terms have proved quite successful in many
acoustic problems,2;3 in the present study the optimized upwind
dispersion-relation-preserving(DRP) � nite differencescheme is de-
veloped to improve the quality of the numerical solution of short
waves without adding an explicitarti� cial damping term to the � nite
difference equations.

II. Optimized Upwind DRP Scheme
The optimized upwind DRP scheme developed here is based on

the idea of the DRP scheme proposed by Tam and Webb.4 Consider
the approximation of the � rst spatial derivative @u=@x by the � nite
differencefor a uniformgrid of spacing1x . Suppose M values of u
to the right and N values of u to the left (N 6D M ) of the point x are
used in the � nite difference, where x is a continuous variable, i.e.,
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After the Fourier transform of both sides of the preceding equation,
the effectivenumericalwave numberof the � nite differencescheme
can be calculated by4
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To ensure that the Fourier transformof the � nite difference scheme
is a good approximation of that of the partial derivative over the
range of wave numbers of interest, it is required that a j in Eq. (2)
be chosen so that the effectivenumerical wave number N® is close to
the wave number ® for a wide range of wave numbers. The coef� -
cient of a j is determined by imposing the condition that Eq. (2) be
accurate to the orderof 1x .M C N ¡ 2/ throughTaylor expansion.This

Received July 15, 1997; revision received July 27, 1998; accepted for
publication July 31, 1998. Copyright c° 1998 by M. Zhuang and R. F. Chen.
Published by the American Institute of Aeronautics and Astronautics, Inc.,
with permission.

¤Assistant Professor, Department of Mechanical Engineering. Member
AIAA.

†Graduate Assistant, Department of Mechanical Engineering; cur-
rently Project Engineer, Research Division, CFD Research Corporation,
Huntsville, AL 35805.

leaves two of the coef� cients, e.g., a¡N and a¡N C 1, as free param-
eters. These parameters are then chosen to minimize the integrated
error E .@ E=@a j D 0/, de� ned as

E D
¼=2

0

j N®r 1x ¡ ®1x j2 d.®1x/ C ¸

¼=2

0

N®i 1x

C sgn.c/ exp ¡ 2

³
®1x ¡ ¼

¾

´2 2

d.®1x/ (3)

where ¸ and ¾ are the adjustable positive constants, N®r and N®i are
the real and imaginary part of N®, and c is the speed of wave prop-
agation in ut C cux D 0, the � rst-order linear wave equation. The
optimization process has to allow the values of N®r 1x ¡ ®1x and
N®i 1x to be as close to zero as possible for a wide range of wave
numbers. The term N®i 1x approaches zero in a way speci� ed in the
second term of Eq. (3). A similar upwind scheme was studied by
Li5 with a different approach for optimization. Unlike the central

a) (( Å®r ¡ ®))D x vs ®D x

b) Å®i D x vs ®D x

Fig. 1 Numerical dispersion and dissipation errors.
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a) t = 500D t b) t = 5000D t

Fig. 2 Solution of the � rst-order linear wave equation for case 1 with b = 60 and D t = 0:0001.

a) t = 500D t b) t = 4000D t

Fig. 3 Solution of the � rst-order linear wave equation for case 1 with b = 10 and D t = 0:0001.

a) t = 5000D t

b) t = 50;000D t

c) t = 5000D t

d) t = 50;000D t

Fig. 4 Solution of the � rst-order linear wave equation for case 2 with D t = 0:00001: comparisons of the results of the optimized upwind DRP and the
central DRP schemes to those of the exact solutions.



2148 AIAA JOURNAL, VOL. 36, NO. 11: TECHNICAL NOTES

DRP scheme, the advantageof the optimized upwind DRP scheme
is that it automatically damps out the spurious short waves while
retaining the DRP property in the scheme. The dissipation error
is also minimal due to the optimization process. The results in
Figs. 1a and 1b indicate that the optimized fourth-order upwind
DRP scheme with N D 4 and M D 2 has much less dissipation
error than that of the standard sixth-order upwind scheme with
N D 4 and M D 2 and can also resolve waves with higher wave
numbers (short waves). The coef� cients a j for the preceding op-
timized upwind DRP scheme with N D 4 and M D 2, shown in
Fig. 1, were obtained with ¸ D 0:0374 and ¾ D 0:2675¼ . They are
a¡4 D 1:61404967150957E¡02, a¡3 D ¡1:22821279019864E¡
01, a¡2 D 4:55332277706221E¡01, a¡1 D ¡1:24925958826149,
a0 D 5:01890438019346E¡01,a1 D 4:39932192729636E¡01, and
a2 D ¡4:12145378889463E¡02.

III. Results and Discussion
To verify the behavior of the optimized upwind DRP scheme

developed in the preceding section, the scheme, combined with a
fourth-orderexplicit time discretization,is applied to solve the � rst-
order linear wave equation.

In case 1, the half-period sine function is

u.x; 0/ D 0; 0 · x · 50

u.x; 0/ D 100..sinf¼ [.x ¡ 50/=b]g//; 50 · x · 50 C b

u.x; 0/ D 0; 50 C b · x · 300

where b is proportional to the width of the wave.
In case 2, the discontinuous initial waveform is

u.x; 0/ D 0; 0 · x · 50

u.x; 0/ D 100:0; 50 · x · 110

u.x; 0/ D 0; 110 · x · 300

A. Comparisons with the Standard Sixth-Order Upwind Scheme
The � rst-order linear wave equation is solved for case 1 with

b D 60. Figures 2a and 2b give a comparison between the exact so-
lutions and the numerical solutions for the optimized fourth-order
upwind DRP scheme and the standard sixth-order upwind scheme,
respectively.The computationaldomain is givenas 0 · x · 300, and
a mesh of spacing 1x D 3 is chosen. Excellent agreement between
the computed solutions of the optimized upwind DRP scheme and
the exact solutions is shown for different times, 5001t and 40001t,
where 1t is 0.0001. For the standard sixth-order scheme, however,
the phase error increasesas the time progresses.As we decrease the
value of b, which is known to be proportional to the width of the
wave, to 10, mesh spacing 1x has to be decreased to unity. The re-
sults shown in Figs. 3a and 3b indicate that for short waves the opti-
mized upwindDRP scheme,due to the DRP property in the scheme,
gives good velocity waveform. However, the dispersive error in-
creasesfor the standardsixth-orderupwind scheme,and the solution
of the scheme is totally dispersed at the time 40001t.

B. Comparisons with the Central DRP Scheme
To compare the performance of the optimized fourth-order up-

wind DRP with that of the fourth-order central DRP schemes, the
� rst-order linear wave equation is solved for a discontinuousinitial
waveform (case 2) with a grid of spacing 1x D 0:5. Figures 4a and
4b show the computedwaveformat times 50001t and 50,0001t by
the central DRP scheme, where 1t is 0.00001. As we can see, the
solution quality degrades by the presence of numerous � ne-scale
oscillations. The dispersive waves can also be seen superimposed
on the main wave pulse. An arti� cial selectivedamping is needed to
remove these pollutants of computational acoustics.2;3 In contrast
to the central DRP scheme, the results shown in Figs. 4c and 4d
indicate that the solution of the optimized upwind DRP scheme has
fewer oscillationsand most of the spuriouswaves are automatically
damped out due to the inherent viscosity in the scheme. Also, the
dissipationerror of the optimizedupwind DRP scheme is minimum
because the imaginary part of the integrated error E is minimized
for a wide range of wave numbers.

IV. Conclusions
The optimized upwind DRP scheme is developed and validated.

Results from the optimized fourth-orderupwind DRP scheme show
that numerical solutions of the scheme have much smaller disper-
sive and dissipationerrors and can resolve waves with much shorter
wavelengths than that of the standard sixth-order upwind scheme.
Compared with the central DRP scheme, the advantageof the opti-
mized upwind DRP scheme is that it removes most of the numerical
contaminants of computational acoustics automatically due to the
inherentviscosity in the scheme. The quality of numericalsolutions
is improved by the optimized upwind DRP scheme without adding
arti� cial selective damping terms in � nite difference equations.

Acknowledgment
We would like to acknowledge C. K. W. Tam for his helpful

comments.

References
1Zingg,D. W., “A Review of High-Order and Optimized Finite-Difference

Methods for Simulating Linear Wave Phenomena,” AIAA Paper 97-2088,
June 1997.

2Hardin, J. C., Ristorcelli, J. R., and Tam, C. K. W., ICASE/LaRC Work-
shop on Benchmark Problems in ComputationalAeroacoustics, NASA CP-
3300, 1995.

3Tam, C. K. W., Webb, J. C., and Dong, Z., “A Study of the Short Wave
Componentsin ComputationalAcoustics,”JournalofComputationalAcous-
tics, Vol. 1, No. 1, 1993, pp. 1–30.

4Tam, C. K. W., and Webb, J. C., “Dispersion-Relation-Preserving
Schemes for Computational Acoustics,” Journal of ComputationalPhysics,
Vol. 107, No. 2, 1993, pp. 262–281.

5Li, Y., “Wavenumber-Extended High-Order Upwind-Biased Finite-
Difference Schemes for Convective Scalar Transport,” Journal of Computa-
tional Physics, Vol. 133, 1997, pp. 235–255.

D. S. McRae
Associate Editor

Finite Element and Dynamic
Stiffness Methods Compared for

Modal Analysis of Composite Wings

Mark Lillico¤ and Richard Butler†

University of Bath, Bath BA2 7AY,
England, United Kingdom

Introduction

T HE aim of the research,which is partlydescribedin thisNote, is
to develop a design tool1;2 for use by engineers involved in the

conceptual design of wing structures. During the conceptual stage,
there is only a limited amount of design informationavailable,mak-
ing the generationof complex three-dimensional� nite element (FE)
models dif� cult. There is also a need to examine numerous design
con� gurationsquickly.Therefore,it is importantto havea tool that is
accurate,ef� cient, quick to use, and simple, i.e., has a small number
of design variables and a suf� cient number of critical constraints.
Also, becausechangesmade late in the designprocessare expensive
to carry out, it is important to include the effect of constraints that
often areneglectedat theconceptualstage,e.g., � utter.For theserea-
sons, a one-dimensional dynamic stiffness method (DSM)3 model
has been used instead of a three-dimensional� nite element method
(FEM) model to � nd the normal modes of the wing. In previous
work, it has been shown, by both experimental and FEM analysis,
that the DSM can be used to accurately predict the normal modes
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